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We study stability of multiple conducting edge states in a topological insulator against all multi-
particle perturbations allowed by the time-reversal symmetry. We model a system as a multi-
channel Luttinger liquid, where the number of channels equals the number of Kramers doublets at
the edge. We show that in the clean system with N Kramers doublets there always exist relevant
perturbations (either of superconducting or charge density wave character) which always open N−1
gaps. In the charge density wave regime, N − 1 edge states get localised. The single remaining
gapless mode describes sliding of ’Wigner crystal’ like structure. Disorder introduces multi-particle
backscattering processes. While the single-particle backscattering turns out to be irrelevant, the
two-particle process may localise this gapless, in translation invariant system, mode. Our main
result is that an interacting system with N Kramers doublets at the edge may be either a trivial
insulator or a topological insulator for N = 1 or 2 depending on density-density repulsion parameters
whereas any higher number N > 2 of doublets gets fully localised by the disorder pinning irrespective
of the parity issue.
Introduction – Topological insulators (TI) have at-
tracted great attention in condensed matter physics [1, 2].
The main feature of 2D topological insulators is the ex-
istence of conducting edge states protected by the time-
reversal symmetry (TRS). Each edge state is a helical
Kramers doublet (KD) with opposite spins propagating
in opposite directions. TRS forbids a spin-flip backscat-
tering within the same KD, but allows it between two
different KDs. In a non-interacting system, a backscat-
tering between different doublets generated by a disorder
localises all edge states for even number of KDs and al-
lows odd number (at least one) of delocalised edge modes
if the number of KDs is odd [3]. The former case then
corresponds to a trivial insulator whereas the latter must
be referred to as topological. The TRS argument [3] then
states that the main distinction between topological and
trivial insulators is the parity of the number of Kramers
doublets. This is the conclusion reached on the basis of
symmetries of the scattering matrix which is valid for
non-interacting systems only. The effect of interactions
on the edge states behavior under perturbations is of a
great importance. It was studied intensively for a system
with a single KD [4–7], and for systems with one or more
KDs [8–12]. One of the main conclusions of these stud-
ies was that an even number of KDs can be stabilised
by interactions and remain conducting. On the other
hand, to the best of our knowledge the existing experi-
ments provide so far only evidence of the existence of 2D
topological insulators with a single KD [13].
In this Letter, we consider an arbitrary number N of
KDs existing at the edge of a 2D material. Assuming re-
alistic situation that all KDs exist within a layer which is
narrower than a screening radius, we apply model of fea-
tureless (Coulomb-blockade or ’orthodox’ model) interac-
tion between them. We will show that for generic interac-
tion parameters CDW instability of repulsive fermions in
a clean (translation invariant) system leads to the forma-
tion of a rigid structure (similar to the Wigner crystal in
higher dimensions) stemming from the freezing of (N−1)
gapped modes. The remaining single gapless mode de-
scribes sliding of the total charge and it gets pinned by a
backscattering term generated by a random inhomogene-
ity leading to a full localisation of the edge modes when
number of Kramers doublets exceeds two, N > 2. The
conductance is not fully suppressed by disorder in two
situations only. In the case of a single Kramers doublet,
N = 1, no gaps due to interaction could be generated
and the dimensionless edge conductance may be equal to
one for a wide range of parameters. A pair of doublets,
N = 2, also may survive pinning by disorder (maintain-
ing dimensionless edge conductance equal to two) but the
stability region is small and, therefore, difficult to reach
and observe experimentally.
Note that we are interested in the weak interaction
problem, hence not all symmetry allowed scattering pro-
cess create spectral gaps. Rather, only processes that
are relevant in the renormalisation group (RG) sense be-
come potential candidates for opening gaps in the excita-
tion spectrum. This is in contrast to a strong interaction
problem (see, for example [11], and references therein),
in which case all symmetry allowed interactions have to
be taken into account on equal footing, and the Haldane
criterion [14] must be applied to singling out the maximal
number of consistent conditions for spectral gaps.
We will show below that for N repulsive KDs one can
always find (N − 1) interaction processes that glue to-
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2gether density profiles of different KDs creating single
conducting mode (CDW regime) that may slide in TRS
system. There is another region of parameters where
CDW gets pinned and TRS is spontaneously broken. For
this set of RG-relevant interactions, the Haldane criterion
[14] is automatically satisfied and, therefore, our analysis
is insensitive to the parity of KDs number.
The proper way to describe a one-dimensional physics
with interactions is the Luttinger liquid (LL) theory [15]
description. To consider multiple edge states, one has to
study a multi-channel system in the framework of sliding
Luttinger liquid (sLL) [16–20]. It is convenient to define
a Luttinger matrix Kˆ [21–26] which is a generalisation of
a Luttinger parameter K for a single channel. All scaling
dimensions of all symmetry allowed perturbations can be
expressed using this single matrix Kˆ. This matrix pro-
vides information on the relevance of perturbations and,
therefore, a stability region for a topological insulator.
This manuscript is organised as follows: we start with
the formulation of the model and introduction of the per-
turbations present in a clean (translation invariant) sys-
tem. The renormalisation group (RG) analysis of this
model will allow us to single out gapless modes and for-
mulate low-energy effective model. We will then treat the
effect of a disorder on the survived low-energy mode and
build the phase diagrams with the focus on robustness of
topological insulators against random disorder.
The model – The Lagrangian describing a multichan-
nel Luttinger liquid is built on two vector fields, φ =
(φ1 , ... , φN ) and θ = (θ1 , ... , θN ), parametrising excita-
tion densities, ρi = ∂xφi/2pi, and currents, ji = ∂xθi/2pi,
in each channel i (1 ≤ i ≤ N)[16–20]. The La-
grangian, L0, written in terms of the composite field
ΨT = (φT ,θT),
L0 = 1
8pi
ΨT
[
τˆ1 ∂t + Vˆ ∂x
]
∂x Ψ , (1)
includes block-diagonal matrix Vˆ = diag[Vˆ+ , Vˆ−] with
each block describing density-density, Vˆ+, and current-
current, Vˆ−, interactions; τˆ1 is the Pauli matrix. Inter-
action matrices for KDs in topological insulators should
be distinguished from a standard multi-channel (array
of wires) model, where inter-wire interactions decay
with the distance between wires, or even only nearest-
neighbour (nearest, adjacent wires) interaction is as-
sumed. Since all KDs are localised near an edge there
spatial separation can be much shorter than the screen-
ing length of the interaction. This is the model we anal-
yse below. Taking all velocities equal each other and we
can put them equal unity. Inter-KDs interactions are
assumed to be equivalent for all KDs,:
V ij± = (1 + g±) δij + g
′
± (1− δij) , (2)
All parameters are defined following standard nomencla-
ture: g± = g4 ± g2 with coupling g4 being an interaction
strength between electrons moving in the same direction
(right- with right-movers, and left- with left-movers), and
g2 is the interaction strength between electrons moving
in the opposite directions within the same KD. The cou-
plings with prime have similar meaning for inter-channel
interactions.
It is convenient to represent the matrices as sums of
two terms acting in orthogonal subspaces,
Vˆ± = v‖K
±1
‖ Πˆ + v⊥K
±1
⊥
(
1ˆ− Πˆ
)
, (3)
with two projectors in channel space defined by
Πˆ = N−1 e⊗ e , e = (1, 1, ..., 1) , Πˆ⊥ = 1ˆ− Πˆ. (4)
The ’effective’ Luttinger parameters
K⊥ = K
√
1− α−
1− α+ , K‖ = K
√
1 + (N − 1)α−
1 + (N − 1)α+ , (5)
are related to to the standard Luttinger parameter K
defined in the absence of inter-channel interactions and
inter-channel couplings α± = g′±/(1 + g±) (we omit defi-
nitions of the velocities because their values are irrelevant
for the analysis below).
Interactions - The model of interacting KDs contains
terms describing multi-particle interactions beyond (for-
ward scattering) quadratic Lagrangian. The most gen-
eral interaction is written as
Lint =
∑
Q=0
h(j,q) ei(jφ+qθ) , (6)
where the summation is restricted by the neutrality re-
quirement Q = 0 since the charge of the vertex (number
of created minus number of annihilated particles) labelled
by pair (j,q) is equal to Q = 2qe. The vectors j and q
have components that take integer and half-integer val-
ues and corresponding components, ji and qi, must be
both either integer or half-integer.
The possible amplitudes of the couplings are related to
each other by hermiticity h¯(j,q) = h(−j,−q) and time-
reversal symmetry (TRS):
h(j,q) = h(j,−q) (−1)J , J = je . (7)
Note that the neutrality requirement Q = 0 implies that
J is an integer.
Relevance of perturbations – Since we are dealing with
a weak interaction case, not all perturbations present in
Eq. (6) dictate the system state. Only those terms that
are relevant in the renormalisation group sense should be
taken into account. Discarding irrelevant terms we will
be left with the effective low-energy action. The scaling
dimension of an arbitrary vertex from interactions Eq. (6)
can be written as
∆(j,q) = j Kˆ j + q Kˆ−1 q , (8)
3where matrix Kˆ is the generalisation of the single-channel
Luttinger parameter to multi-channel case (please note
that it is not a statistics matrix, sometimes called K −
matrix, used in description of fractional liquids). The
matrix Kˆ employed in Eq. (8) is the solution of the alge-
braic matrix equation [23, 24]:
Kˆ Vˆ+ Kˆ = Vˆ− . (9)
Solving this equation for the interaction matrices Vˆ± de-
fined in the Eq. (3),
Kˆ = K‖ Πˆ +K⊥ Πˆ⊥ , (10)
one easily finds the scaling dimensions of the vertices in
the interaction term:
∆(j,q) = K⊥ j2 +K−1⊥ q
2 + (K‖ −K⊥) J
2
N
. (11)
The perturbations in Eq. (6) may have random ampli-
tudes h with mean zero value (stemming from disorder)
and non-random amplitudes allowed in a translation in-
variant system. They should be treated differently. Let
us first analyse the latter.
Clean system – Perturbations allowed in a translation
invariant system are further restricted by the momen-
tum conservation J = 0. The scaling dimensions of zero-
current, J = 0, interactions
∆(j,q) = K⊥ j2 +K−1⊥ q
2 , (12)
The most RG dangerous terms are known (see e.g. [27–
31]). They correspond to the minimal values of the scal-
ing dimensions. There are three different terms but one
of them that corresponds to the choice j = ±q = tij/2
(where vector tij = (0, ..., 1i, ...,−1j , ..., 0) with arbitrary
i 6= j) is a single-particle scattering and will be ignored in
our analyses because these processes have been accounted
for in constructing a non-interacting KDs model. The
other two terms are known to be responsible for charge
density wave,
Lcdw ∼
∑
hcdwij e
i(φi−φj) , (13)
with scaling dimension ∆cdw = ∆(tij , 0), and supercon-
ductivity,
Lsc ∼
∑
hscij e
i(θi−θj) , (14)
with scaling dimension ∆sc = ∆(0 , tij). The explicit ex-
pressions for their scaling dimensions can be found from
Eq. (12):
∆cdw = 2K⊥ , ∆sc = 2K−1⊥ . (15)
Translation invariant perturbations are RG-relevant
when their scaling dimensions are below the physical di-
mension d and d = 2 in this case. Note that one of
two two-particle perturbations is always relevant (smaller
than 2), and therefore freezes N − 1 differences between
corresponding bosonic fields and opens N − 1 gaps. Be-
fore we turn to the effect a disorder on the remaining
single gapless mode, we have to separate gapped and
gapless modes to write the effective low-energy field the-
ory of the translation invariant system. This task can
be achieved by an orthogonal transformation on both φ-
and θ-vector fields to diagonalise Hamiltonian and pre-
serve commutations. The orthogonal matrix of the form
Oˆ = (e1 , ..., eN−1 , e/
√
N) (with all mutually orthogo-
nal vectors) will achieve the goal. Same procedure can
be described by the following separation of the vector
fields into orthogonal subspaces using projector intro-
duced above,
φ =
Φ e√
N
+ φ⊥ , φ⊥ = Πˆ⊥φ , (16)
and similar expression for the conjugate θ-fields. This
transformation may be thought of as an introduction
of the ’centre-of-mass’ coordinates (Φ and Θ) and the
relative to it (N − 1) ’positions’ φ⊥ and θ⊥. The La-
grangian in the new fields decomposes into two terms
L0 = L⊥+L‖. The fields Ψ⊥ = (φ⊥,θ⊥) are gapped by
(N − 1) RG-relevant terms
L⊥ = 1
8pi
Ψ⊥ [τ1∂t + v⊥ κˆ⊥ ∂x] ∂xΨ⊥
+
∑
Q=J=0
h(j,q) ei(jφ⊥+qθ⊥) (17)
where κˆ⊥ = diag
[
K−1⊥ 1ˆ ,K⊥ 1ˆ
]
. The ’internal’ degrees
of freedom are necessarily gapped by either CDW or SC
coupling. For the repulsive interaction, the case we are
analysing in this paper, K⊥ < 1 and the most dangerous
terms with scaling dimension ∆ < 2 are (N − 1) terms
with q = 0 and J = 0.
The ’centre-of-mass’ coordinates drop out of all terms
describing inter-channel coupling in a translation invari-
ant system due to J = 0 restriction. The corresponding
mode cannot be gapped and the Lagrangian of gapless Φ
and Θ,
L‖ = 1
4pi
∂tΘ ∂xΦ−
v‖
8pi
[
1
K‖
(∂xΦ)
2
+K‖ (∂xΘ)
2
]
,
(18)
describes low-energy behaviour.
Disorder – Inhomogeneity breaks translation invari-
ance allowing J 6= 0 terms to appear in the Hamiltonian.
Allowed terms should not contain gapped modes: φ⊥-
field is frozen and the conjugate to it θ⊥-field would make
corresponding terms irrelevant (in particular, single-
particle inter-channel backscattering). The field Θ can-
not appear in the interactions due to Q = 0 neutrality
restriction. This consideration leads to the following La-
grangian describing low-energy disordered system of N
4KDs:
Ldis = L‖ +
∞∑
n=1
h2n e
i 2n√
N
Φ
, hJ =
∑
{j:J 6=0}
h(j) . (19)
The restriction J = 2n in this summation is the result
of TRS requirement (−1)J = 1 (see Eq. (7) with q =
0). The scaling dimension of each interaction term in
Eq. (19) follows from Eq. (11):
∆J = J
2K‖/N . (20)
Most dangerous term satisfying TRS corresponds to
J = 2. One of the examples would be a simultaneous
backscattering of two particles in two different channels,
LJ=2dis ∼
∫
dx ξij(x) R¯i R¯j Li Lj + c.c. . (21)
with random anti-symmetric matrix ξij . Since disorder
assumes zero mean value of ξij , the scaling dimension of
this term should be compared with 3/2.
If J = 2 backscattering terms (pinning potential for a
structure similar to the Wigner crystal) were irrelevant,
this single mode would be conducting with dimensionless
conductance equal to the total number of the Kramers
doublets. The conductance cannot be changed by irrel-
evant perturbations acting on the collective ’centre-of-
mass’ coordinate and this fact is reflected in the relation-
ship between total density and current and the centre-of-
mass variables:
ρ =
√
N
2pi
∂x Φ , j =
√
N
2pi
∂x Θ . (22)
The ’Wigner crystal’ slides if scaling dimension, ∆, of
J = 2 processes below 3/2. Otherwise, when scaling
dimension,
∆ =
4K‖
N
≤ 3
2
, (23)
multi-backscattering processes pin CDW [15].
Spontaneous TRS breaking – The pinning of Wigner
crystal structure is always accompanied by TRS break-
ing. The expectation of terms like cos(jφ) must vanish
in TRS system if corresponding vector j belongs to the
sector of odd integer J = qe. Freezing all N fields φ
leads to all such terms acquiring finite value that means
spontaneous TRS breaking.
Note that we have not referred to the Haldane criterion
[14] since we are dealing with weak interaction problem
and, therefore, do not assume that all amplitudes of all al-
lowed processes are infinitely strong and open gaps. Our
choice of interactions was motivated by RG analyses and
only those terms that are RG-relevant became potential
candidate for opening of gaps. It turned out that there
are exactly (N − 1) such terms and they do not break
TRS. All these terms contain only density fields φ and,
therefore, commute with each other, making check of Hal-
dane compatibility condition [14] unnecessary. An addi-
tional term that potentially could be relevant for closing
the remaining gap, should also contain density field since
all current fields are irrelevant. When this additional
J 6= 0-term becomes relevant, it necessarily breaks TRS
and this fact is not related to the parity of the KDs num-
ber (similar to fractional topological insulator [12]).
Let us comment here on the correspondence between
our week interaction problem and strong interaction
problem analysed in [11]. As it was shown above, the
repulsion implies RG relevance of the terms containing
density φ-fields only and, therefore, one immediately
constructs (N − 1) vertex operators with J = je = 0
since the subspace of the vectors j orthogonal to the vec-
tor e is (N − 1)-dimensional. Disorder allows vertices
with J 6= 0 which may gap the last mode exhausting
N -dimensional space of vectors j. Our construction is
dictated by RG analysis and leaves us no choice. Had
we dealt with a strong interaction problem and used
(N −1) current θ-fields instead (like it was done in [11]),
we would immediately present (N − 1) interaction ver-
tices with Q = qe = 0. But the extra term that could
potentially gap the remaining mode could not be picked
up from the same current fields due to neutrality Q = 0
condition. This vortices neutrality condition breaks the
duality between density and current vertices. The extra
term could come from invoking conjugate density field
and that is where the Haldane criterion [14] becomes
crucial in justification that the additional term is con-
sistent with already built (N − 1) vertices. One might
think that this situation may appear in weak interaction
problem when superconducting vertices become relevant
perturbations at K⊥ > 1 but it is not obvious because de-
scribing superconductivity one has to include anomalous
terms that break Q = 0 neutrality condition.
Phase diagram – In general, the phase diagram should
be drawn in three-dimensional space of parameters char-
acterising intra-channel interaction (standard Luttinger
parameter K) and two (density-density and current-
current) inter-wire interactions α±. Below we will anal-
yse in detail the commonly accepted model that in-
cludes only density-density interaction assuming current-
current interactions matrix Vˆ− = 1ˆ in Eq. (3). The two
parameters K and α+ characterise intra- and inter-mode
interactions, respectively, and define the effective Lut-
tinger parameters,
K⊥ = K (1− α+)−1/2 , (24)
K‖ = K [1 + (N − 1)α+]−1/2 , (25)
The region of existence of a delocalised (conducting)
mode of repulsive electrons, K < 1, in CDW regime,
K⊥ < 1, and irrelevant pinning by disorder, ∆ > 3/2, is
defined by the inequality:
3N
8
[1 + (N − 1)α+]1/2 < K < (1− α+)1/2 . (26)
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FIG. 1. The phase diagram for a set of N Kramers doublets
under repulsive density-density interaction. The only two sta-
ble states, N = 1 and N = 2, are shown by light and dark
blue regions correspondingly.
It is clear from these inequalities that more than two
(N > 2) interacting Kramers doublets are always pinned
by disorder. In Fig. 1 we show regions of stability for
systems with N = 1 and N = 2 KDs. Both regions
are defined by the inequalities Eq. (26). In the single
KD situation there is no inter-channel interaction and
one should put α+ = 0 in the inequalities Eq. (26) for
N = 1.
A single conducting state even for a system with a pair
of KDs (N = 2) survives pinning only in a small region
of interaction parameters. It exists for weak interactions
and immediately disappears if either inter- or intra-mode
interaction becomes strong. There is no solution to the
inequality (26) for N > 2 meaning that higher number of
KDs is unobservable since the system becomes insulating
for any inter- and intra-interaction strength due to the
pinning by disorder.
Conclusions – We have studied a topological insulator
with N Kramers doublets at the edge in the model of
’Coulomb blockade’ type (long range featureless) inter-
action. This type of interaction is relevant for the situ-
ation when the screening radius is much larger than the
Fermi wavelength (i.e. the width of the region occupied
by edge states). We have shown that in a clean system
the perturbations allowed by TRS always open N − 1
gaps. In a non-superconducting regime, when the rele-
vant perturbation in a clean system is of CDW type, the
opening of N − 1 gaps reduces the number of conduct-
ing edge channels to one. The disorder can either reduce
the number of conducting channels to zero or leave the
only conducting channel unaffected. We have found that
only single Kramers doublet or a pair of them may sur-
vive pinning by disorder. The phase diagram contains
a small pocket where both N = 1 and N = 2 are con-
ducting. The relatively small size of this region might
be responsible for elusiveness of experimental observa-
tion of states with two Kramers doublets. Any higher
number N > 2 of Kramers doublets, irrespective of par-
ity, gets fully localised by disorder when density-density
repulsion is taken into account. This conclusion comes
from the fact that a featureless long range interaction be-
tween Kramers doublets in a topological insulator leads
to formation of a single gapless edge mode that get easily
pinned by the disorder-induced two-particle backscatter-
ing.
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